
- -  NASA TECHNICAL 

cy
cv 

N 
ro 
I 

n 
z 

c 


4 
r/) 
4 z 


NOTE NASA TN D-5222 
e aI 

LOAN COPY: RETURN TO 
AFWL (WLIL-21 

KIRTLANQ AFB, N MEX 

O N  THE PHENOMENON OF 
THERMOELASTIC INSTABILITY 
(THERMAL FLUTTER) OF BOOMS 
WITH OPEN CROSS SECTION 

by Richard M .  Beam 

Ames Research Center ' * -

Mofett Field, Cali$ 

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION WASHINGTON, D. C.  JUNE 1969 




TECH LIBRARY KAFB,NM 

ON THE PHENOMENON OF THERMOELASTIC INSTABILITY (THERMAL 

FLUTTER) OF BOOMS WITH OPEN CROSS SECTION 

By Richard M. Beam 

Ames Research Center 
Moff ett Field, Calif. 

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 

-

For  s a l e  by the  C l e a r i n g h o u s e  for F e d e r a l  Sc ient i f ic  and T e c h n i c a l  Information 
Springf ield,  V i r g i n i a  22151 - CFSTI p r i c e  $3.00 



ON THE PHENOMENON OF THERMOELASTIC INSTABILITY (THERMAL 

FLUTTER) OF BOOMS WITH OPEN CROSS SECTION 

By Richard M. Beam 

Ames Research Center 

SUMMARY 

S a t e l l i t e s  w i th  long ex tend ib le  appendages (booms) o f  open c ross  s e c t i o n  
have experienced u n s t a b l e  o s c i l l a t i o n s .  Telemetered d a t a  on t h e  frequency o f  
o s c i l l a t i o n  and s a t e l l i t e  exposure t o  s o l a r  r a d i a t i o n  suggest  t h a t  t h e  i n s t a 
b i l i t y  r e s u l t s  from a t h e r m o e l a s t i c  f l u t t e r  o f  t h e  booms. Laboratory experi
ments performed t o  demonstrate t h e  phenomenon o f  t h e r m o e l a s t i c  f l u t t e r  are 
desc r ibed .  

The problem o f  t o r s i o n a l  i n s t a b i l i t y  i s  chosen f o r  t h e o r e t i c a l  t reatment  
and comparison with q u a n t i t a t i v e  experimental  r e s u l t s .  The t h e o r e t i c a l  and 
experimental  models show t h a t  (1) one-degree-of-freedom t o r s i o n a l  thermo
e l a s t i c  f l u t t e r  i s  p o s s i b l e  and p r e d i c t a b l e ,  ( 2 )  t h e r m o e l a s t i c  coupling can 
s t a b i l i z e  as we l l  as d e s t a b i l i z e  a system, and ( 3 )  small amplitude l i n e a r  
theory can p r e d i c t  t h e r m o e l a s t i c  i n s t a b i l i t y .  

INTRODUCTION 

Various s a t e l l i t e  a p p l i c a t i o n s  r e q u i r e  long e x t e n d i b l e  appendages (booms) 
as a p a r t  o f  t h e  design conf igu ra t ion .  One design of a deployable boom i s  

open cross 

section boom 

Figure 1.- Deployable boom. 


shown schemat i ca l ly  i n  f i g u r e  1. The 
diameters of t h e s e  booms a r e  gene ra l ly  
about 1 / 2  i n .  and t h e  length v a r i e s  from 
a few f e e t  t o  s e v e r a l  hundred f e e t .  This  
type of boom has been used s u c c e s s f u l l y  
i n  many s a t e l l i t e s  f o r  antennas,  g r a v i t y  
g rad i  ent st a b  i1it y  augmenta t  ion, and 
i s o l a t i o n  o f  equipment and experiments 
from t h e  s a t e l l i t e .  

Telemetered d a t a  from t h e  Orb i t ing  
Geophysical Observatory (OGO) s a t  e 1l i t e  
i n d i c a t e d  t h a t  a t  va r ious  times t h e  s a t e l 
l i t e  experienced o s c i l l a t i o n s  of i nc reas 
i n g  amplitude.  The frequency of t h e  
u n s t a b l e  o s c i l l a t i o n s  was t h e  same as t h e  
n a t u r a l  frequency o f  t h e  booms a t t ached  
t o  t h e  s a t e l l i t e .  I t  was f u r t h e r  noted 
t h a t  t h e  o s c i l l a t i o n s  began as t h e  s a t e l 
l i t e  moved from t h e  e a r t h ’ s  shadow i n t o  



t h e  s u n l i g h t  and subsequent ly  decayed when t h e  s a t e l l i t e  r e -en te red  t h e  e a r t h ' s  
shadow. The frequency o f  t h e  o s c i l l a t i o n s  and t h e i r  occurrence only when t h e  
s a t e l l i t e  was exposed t o  s u n l i g h t  l e d  t o  con jec tu re  t h a t  t h e  i n s t a b i l i t y  was a 
r e s u l t  o f  t h e  coupl ing  o f  t h e  thermal r a d i a t i o n  from t h e  sun and t h e  e l a s t i c  
deformations of  t h e  booms. 

I n  May 1968, t h e  observed phenomenon was brought  t o  t h e  a t t e n t i o n  o f  t h e  
au thor .  Because o f  t h e  lack  o f  any phys ica l  evidence o f  t h e  phenomenon ( o t h e r  
than  t h e  l i m i t e d  f l i g h t  d a t a  noted  above),  an experimental  l abo ra to ry  program 
was i n i t i a t e d .  The primary goa l  o f  t h i s  program w a s  t h e  l abora to ry  demonstra
t i o n  o f  t h e r m o e l a s t i c  i n s t a b i l i t y .  S ince  booms o f  open c ross  s e c t i o n  were 
be ing  used on t h e  f l i g h t  where t h e  i n s t a b i l i t y  was observed,  a s i m i l a r  
ma te r i a l  was chosen f o r  t h e  l abora to ry  exper iments .  

The f i r s t  s u c c e s s f u l  demonstrat ion (June 4 ,  1968) was performed wi th  a 
3 - f t - long  boom t h a t  was f i x e d  a t  one end and had an a t t a c h e d  t i p  mass a t  t h e  
o t h e r  ( f i g .  2 ) .  The boom m a t e r i a l  was be ry l l i um copper wi th  a diameter  of  
1 / 2  i n .  and a w a l l  t h i ckness  o f  0 .002  i n .  The boom was pa in t ed  b lack  t o  
i n c r e a s e  thermal a b s o r p t i v i t y ,  and t h e  thermal source  was provided by photo-
f lood  lamps. The boom had an overlapping c ross  s e c t i o n  ( s e c t i o n  A-A,  f i g .  2 ) .  
The system was observed t o  be  s t a b l e  f o r  smal l  ampli tude motions b u t  uns t ab le  
( o s c i l l a t o r y  i n c r e a s i n g  amplitude) f o r  l a r g e r  ampli tudes wi th  eventua l  l i m i t  
cyc le  o s c i l l a t i o n  i n  a coupled t o r s i o n a l  bending mode. The l i m i t  cyc le  

o s c i l l a t i o n  ampli tudes cons i s t ed  o f  t i p  
mass d e f l e c t i o n s  o f  s e v e r a l  inches (normal 
t o  t h e  p lane  o f  t h e  l i g h t )  and t i p  mass 
r o t a t i o n s  o f  _+go".  

Addi t iona l  demonstrat ions of  thermal 
f l u t t e r  were made us ing  an unpainted boom 
o f  t h e  same m a t e r i a l  b u t  19 f t  long. The 
boom was hung from i t s  f i x e d  end, and 
demonstrat ions were made with and without  
small  t i p  masses (1 /2- in .  s t e e l  c y l i n d e r s  

Photofloods - approximately 3 i n .  long,  mounted 
c o a x i a l l y  wi th  t h e  boom). In  each case  a 
coupled t o r s i o n a l  bending mode of f l u t t e r  
was ob ta ined .  

Section A - A  
Boom cross section The observed behavior  o f  t h e  boom 

dur ing  t h e s e  experiments suggested t h e  
Figure 2.- Test arrangement for initial p o s s i b i l i t y  o f  a one-degree-of-freedom 

demonstration of thermoelastic t o r s i o n a l  f l u t t e r .  To check t h i s ,  a l a r g e
instab i 1 ity. (8 - in0 -d iame te r ,  1 /4 - in . - th i ck )  d i s c  was 

a t t ached  t o  t h e  end of  t h e  19- f t - long  boom. The r e s u l t i n g  f l u t t e r  was almost 
pure t o r s i o n  wi th  r o t a t i o n a l  l i m i t  cyc le  ampli tude of  t h e  t i p  d i s c  reaching  
+3 r evo lu t ions  whi le  t h e  t i p  d e f l e c t e d  only 3 i n .  I n  a d d i t i o n ,  t e s t s  were 
conducted wi th  t h e  t i p  mass f u l l y  r e s t r a i n e d  from l a t e r a l  d e f l e c t i o n .  These 
demonstrat ions were recorded i n  a 16 mm c o l o r ,  sound f i l m  which i s  a v a i l a b l e  
on loan from t h e  au tho r  (R.  M .  Beam, mail s t o p  242-1, Ames Research Center ,  
Moffet t  F i e l d ,  Ca l i f . ,  94035). 
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Theore t i ca l  development was i n i t i a t e d  concur ren t ly  with t h e  experimental  
program. The goal  of t h i s  program was t o  develop an understanding of t h e  
b a s i c  phenomenon and t o  provide an a n a l y t i c a l  model t h a t  would a i d  i n  p re 
d i c t i n g  thermal f l u t t e r .  To s i m p l i f y  t h e  mechanics of t h e  problem, t h e  
i n i t i a l  a n a l y t i c a l  approach was based on a l i n e a r i z e d  one-degree-of-freedom 
( t o r s i o n a l )  model suggested by t h e  above experiments .  The purpose o f  t h i s  
r e p o r t  i s  t o  d e s c r i b e  t h e  r e s u l t s  of t h e  t h e o r e t i c a l  program and t o  compare 
them with t h e  measured d a t a  obtained from t h e  experiments .  

Several  papers  have become a v a i l a b l e  t o  t h e  au tho r  d u r i n g  t h e  p r e p a r a t i o n  
o f  t h i s  r e p o r t  ( r e f s .  1 -4 ) .  Each p r e s e n t s  an a n a l y t i c a l  t r ea tmen t  o f  a 
the rmoe las t i c  problem. Augusti ( r e f .  1)  cons ide r s  t h e  bending of a c a n t i l e v e r  
s t r u t  i d e a l i z e d  as e i t h e r  a one- o r  two-degree-of-freedom system sub jec t ed  
t o  r a d i a n t  hea t  p a r a l l e l  t o  t h e  a x i s  of t h e  s t r u t .  Yu ( r e f .  2 )  cons ide r s  a 
g e n e r a l i z a t i o n  of t h e  same problem. He t r e a t s  t h e  beam as a continuum, uses  
a modal-type s o l u t i o n ,  and al lows d i f f e r e n t  ang le s  of i n c l i n a t i o n  o f  t h e  beam 
with t h e  heat  sou rce .  The c r i t e r i a  f o r  f l u t t e r  reached by Augusti and Yu are  
completely c o n t r a d i c t o r y .  A f t e r  a cursory examination of both papers ,  t h i s  
author  i s  i n c l i n e d  t o  agree with t h e  c r i t e r i a  o f  August i .  The discrepancy 
with Yu appa ren t ly  comes from h i s  t r ea tmen t  of "time l ag . "  

Koval, Muel ler ,  and Paroczai  ( r e f .  3 )  p r e s e n t  a theo ry  f o r  an i n i t i a l l y  
s t r a i g h t  boom of open c r o s s  s e c t i o n  s i m u l a t i n g  t h e  O G O - I V  s p a c e c r a f t .  Both 
t w i s t i n g  and bending of t h e  boom a r e  allowed. Resu l t s  a r e  given i n  t h e  form 
of numerical s o l u t i o n s  t o  t h e  de r ived  e q u a t i o n s .  

Donohue and F r i sch  ( r e f .  4) d i s c u s s  t h e  r e s u l t s  (without p r e s e n t i n g  t h e  
formulat ion)  of a program similar  t o  t h a t  of Koval e t  a l .  Again t h e  r e s u l t s  
a r e  presented as numerical  s o l u t i o n s  t o  t h e  de r ived  equa t ions .  

Addit ional  a n a l y s i s  of coupled modes and l a r g e  amplitudes w i l l  
undoubtedly l ead  t o  i n t e r e s t i n g  r e s u l t s .  The i n i t i a l  experiments desc r ibed  
above i n d i c a t e  t h a t  systems which a r e  s t a b l e  f o r  small amplitudes can be 
u n s t a b l e  f o r  l a r g e  ampli tudes.  However, t h e  small amplitude a n a l y s i s  may 
prove adequate f o r  t h e  de t e rmina t ion  o f  t h e  s t a b i l i t y  o f  systems sub jec t ed  t o  
small p e r t u r b a t i o n s  about an equ i l ib r ium c o n f i g u r a t i o n .  

The au tho r  wishes t o  thank Ralph Abbott of Spar Aerospace Products 
Limited, who provided t h e  boom m a t e r i a l  f o r  t h e  experimental  program. 

NOMENCLATURE 

B s t e a d y - s t a t e  r a d i a t i o n  inpu t  t o  boom 

C 1  warping r i g i d i t y  of  boom 

cE c o e f f i c i e n t  o f  s t r u c t u r a l  damping i n  pendulum 

3 



E modulus o f  e l a s t i c i t y  

h wall t h i c k n e s s  o f  boom used f o r  t o r s i o n a l  s p r i n g  

Im p o l a r  mass moment o f  i n e r t i a  o f  t i p  mass o f  t o r s i o n a l  pendulum about 
c e n t e r  o f  r o t a t i o n  

e l a s t i c  s p r i n g  cons t an t  of t o r s i o n a l  pendulum 

cons tan t  de f ined  by equat ion (16) 

cons t an t  de f ined  by equat ion (18) 

length o f  boom used f o r  t o r s i o n a l  s p r i n g  

t o r s i o n a l  moment i n  boom 

p e r t u r b a t i o n  r a d i a t i o n  inpu t  t o  boom 

r r a d i u s  o f  boom used f o r  t o r s i o n a l  s p r i n g  

s parameter i n  c h a r a c t e r i s t i c  equat ion 

Sn r o o t  o f  c h a r a c t e r i s  t i c  equat ion 

T change i n  boom temperature  during p e r t u r b a t i o n  about equ i l ib r ium 
p o s i t i o n  

t time 

W t o t a l  l eng th  o f  " r o l l e d  out" cross  s e c t i o n  o f  tube ( 2 n r  f o r  
non- over1apped tube) 

X coordinate  along boom ( o r i g i n  a t  f i x e d  end) 

c1 c o e f f i c i e n t  o f  expansion f o r  boom m a t e r i a l  

B thermal cons t an t  (eq.  (8)) 

5 damping c o e f f i c i e n t  (eq.  ( 2 0 ) )  

0 t o t a l  angu la r  deformation o f  pendulum t i p  mass 

@E angular  deformation o f  pendulum t i p  mass due t o  i n e r t i a l  loading 

0T angular  deformation o f  pendulum mass due t o  thermal loading 

e angular  displacement o f  boom c ross  s e c t i o n  

A f unc t ion  de f ined  by equat ion (9) 

9 angular  coord ina te  of p o i n t  on s u r f a c e  o f  boom 
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Y angle  between thermal source and equ i l ib r ium a x i s  of symmetry of boom 
( f i g .  3) 

wo n a t u r a l  frequency o f  t o r s i o n a l  pendulum (eq.  (19))  

(-) dummy v a r i a b l e  o f  i n t e g r a t i o n  

( ' )  d i f f e r e n t i a t i o n  wi th  r e s p e c t  t o  time 

( ' )  d i f f e r e n t i a t i o n  with r e s p e c t  t o  x 

ANALY SI S 

Basic Model 

The model d i scussed  i n  t h i s  r e p o r t  was chosen because i t  l eads  t o  a 
simple mathematical a n a l y s i s  and y e t  demonstrates one o f  t h e  b a s i c  mechanisms 
of t h e r m o e l a s t i c  coupling. I n  a d d i t i o n ,  i t  provides  a s imple phys ica l  analogy 
from which q u a n t i t a t i v e  experimental  d a t a  can b e  ob ta ined  f o r  comparison with 
t h e  t h e o r e t i c a l  assumptions.  

Consider t h e  dynamics o f  t h e  t o r s i o n a l  pendulum i l l u s t r a t e d  i n  f i g u r e s  3 
and 4 .  The e l a s t i c  s p r i n g  o f  t h e  pendulum i s  a s p l i t  non-overlapping boom. 
The upper end o f  t h e  boom i s  r i g i d l y  f i x e d  and warping o f  t h e  c ros s  s e c t i o n  
of t h e  boom i s  p reven ted .  A mass i s  a t t a c h e d  t o  t h e  lower end o f  t h e  boom, 
which i s  f r e e  t o  warp. The t i p  mass i s  r e s t r a i n e d  from l a t e r a l  displacement 
by a low f r i c t i o n  b e a r i n g .  If t h e  i n e r t i a  of t h e  t i p  mass i s  l a r g e  compared 
with t h a t  of t h e  tube ,  t h e  system can be analyzed as a simple one-degree-of
freedom mechanism . 

Let 0 denote t h e  t o t a l  angu la r  r o t a t i o n  o f  t h e  t i p  mass and 1, t h e  
mass moment o f  i n e r t i a  of t h e  t i p  mass, t hen  t h e  torque a c t i n g  on t h e  t i p  of.. 
t h e  boom i s  - I m @ .  This  t o rque  i s  p a r t i a l l y  balanced by t h e  torque of t h e  

restraint) Small gap 

Typical boom cross 
section 

Small gap Equilibrium position Perturbed position 

Section A-A 

Figure 3.- Analytical model and physical model Figure 4.- Geometry for thermal deformation 

used in torsional pendulum investigation. analysis. 
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e la s t i c  r e s t o r i n g  f o r c e s ,  KEOE, where OE is  t h e  e l a s t i c  deformation o f  t h e  
boom t i p  and KE t h e  e l a s t i c  s p r i n g  c o n s t a n t  of t h e  boom. I n  a d d i t i o n ,  t h e r e  
i s  a damping to rque ,  c E ~ E  (assumed p r o p o r t i o n a l  t o  t h e  e l a s t i c  deformation) ; 
t h e r e f  o r e  

..
I m O  + cEOE + KEOE = 0 

The t o t a l  deformation 0 d i f f e r s  from t h e  e l a s t i c  deformation, OE, by 
t h e  amount o f  thermal deformation, OT; t h e r e f o r e ,  

E 1as tic Deformation 

I f  t h e  angu la r  r o t a t i o n  o f  t h e  boom a t  s t a t i o n  x a t  time t i s  denoted 
by e (x ,  t ) ,  t hen  t h e  torque i n  t h e  boom, Mt (assumed cons t an t  a long t h e  
l e n g t h ) ,  i s  ( r e f .  5) 

a e E  a 3 e E  
M t = C - - c1 -ax ax3 

where C i s  t h e  t o r s i o n a l  r i g i d i t y  and C 1  t h e  warping r i g i d i t y .  

When t h e  boom w a l l  t h i ckness  h i s  much l e s s  t han  t h e  boom diameter ,  
2 r (h  << Z r ) ,  and t h e  boom length 2 is no t  t o o  g r e a t ,  then C 1 2  << C 1  and it  
can b e  shown ( r e f .  6) t h a t  a good approximation t o  M t  i s  

a 3 e E  
M t  = -C1 - ( 3 )

ax3 

where C 1 ,  t h e  warping r i g i d i t y , '  i s  ( r e f .  5) 

C1 = -1 w3r2hE (4)1 2  

I n  t h i s  model t h e  upper end of t h e  boom (x  = 0 )  i s  f i x e d  and r e s t r a i n e d  from 
warping while  t h e  lower end i s  f r e e  t o  warp; t h e r e f o r e ,  t h e  boundary 
cond i t ions  f o r  equat ion ( 3 )  a r e  

eE(o) = 0 ,  e ' ( 0 )  = 0, e p )  = 0 (5)E 

The s o l u t i o n  f o r  equat ion (3)  with boundary cond i t ions  (5) is  

'The boom is  assumed t o  b e  cons t r a ined  t o  r o t a t e  about t h e  geometric 
c e n t e r  o f  t h e  c i r c u l a r  c ros s  s e c t i o n .  For r o t a t i o n s  about t h e  s h e a r  c e n t e r  
t h e  warping r i g i d i t y  would b e  reduced. The pendulum i s  assumed t o  b e  
s u f f i c i e n t l y  s h o r t  t h a t  t h e  e f f e c t  o f  t o r s i o n a l  r i g i d i t y  i s  n e g l i g i b l e  when 
compared t o  t h e  e f f e c t  o f  warping r i g i d i t y .  

6 
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-

I 

The s p r i n g  c o n s t a n t ,  KEY o f  t h e  t o r s i o n a l  pendulum i s  

o r  

Thermal Deformation 

The amplitudes and f r equenc ie s  o f  t h e  model w i l l  b e  r e s t r i c t e d  t o  t h o s e  
f o r  which t h e  temperature p e r t u r b a t i o n  due t o  change of  r a d i a t i o n  i n p u t  (with 
time) i s  l a r g e  compared t o  t h e  temperature p e r t u r b a t i o n  due t o  change i n  con
duct ion around t h e  c ros s  s e c t i o n .  The a n a l y s i s  w i l l  b e  based on small pe r 
t u r b a t i o n s  about an equ i l ib r ium c o n f i g u r a t i o n .  The system is  assumed t o  have 
reached an equ i l ib r ium temperature  d i s t r i b u t i o n  ( t h e  abso rp t ion  from thermal 
r a d i a t i o n  balanced by t h e  ou tpu t  due t o  emission from t h e  e n t i r e  s u r f a c e )  
b e f o r e  i t  i s  d i s t u r b e d .  

I f  t h e  source temperature  remains cons t an t  and t h e  tube  temperature  
changes a r e  not  l a r g e  during t h e  p e r t u r b a t i o n s  , t hen  t h e  boom temperature ,  
T ,  can be expressed as ( r e f :  7) 

a i .-+ f3T = R(x ,$ , t )a t  

where f3 and R depend on t h e  source o f  r a d i a t i o n  and t h e  p r o p e r t i e s  of t h e  
boom.' I t  i s  assumed t h a t  t h e  boom i s  t h i n  wal led and t h e  temperature through 
t h e  th i ckness  does n o t  va ry .  

I f  t h e  r a d i a t i o n  source i s  a uniform p a r a l l e l  f i e l d  as shown i n  f i g u r e  4 ,  
t h e  normal r a d i a t i o n  i n p u t ,  Q ,  which produces t h e  equ i l ib r ium temperature 
d i s t r i b u t i o n  i n  t h e  tube  i s  ( - T  5 $ 5 + T )  

Q($) = AB COS($ - Y) 

where A i s  u n i t y  f o r  va lues  of $ corresponding t o  t h e  p o r t i o n  of boom 
s u r f a c e  exposed t o  r a d i a t i o n  and i s  zero o the rwise .  For 0 < '4 < T ,  X i s  
def ined by t h e  cond i t ions  
-

2Equation (8) i s  ob ta ined  from t h e  equat ion o f  r a d i a t i o n  inpu t  (propor
t i o n a l  t o  t h e  d i f f e r e n c e  o f  t h e  f o u r t h  powers o f  t h e  body and source)  and 
change i n  i n t e r n a l  energy of t h e  body. The l i n e a r i z a t i o n  is  p o s s i b l e  i f  t h e  
d i f f e r e n c e  between body and source  temperature experiences  only small changes. 
The cons t an t s  6 and R depend on t h e  r a d i a t i o n  boundary conductance, s p e c i f i c  
h e a t  and d e n s i t y  of t h e  material, and t h e  th i ckness  o f  t h e  boom. Add i t iona l ly ,  
R depends on t h e  temperature  o f  t h e  sou rce .  
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7r 
- - <  Y 5 7 r2 -

As t h e  c ros s  s e c t i o n  o f  t h e  boom 
r a d i a t i o n  i s  

ITY - - - <2 - @L7r 

= 1 i f  3
-IT @ 1. - -7r + Y2 

= 0 o the rwise  

r o t a t e s  through an angle  8 ,  t h e  change i n  

R ( x , + , t )  = AB COS(+- Y + e )  - AB COS($- Y) 

For. small r o t a t  on ( e )  o f  t h e  c ros s  s e c t i o n  R can b e  approximated by 

R(x ,@, t )  = -AB s i n ( +  - Y)e(x, t )  (10) 

u r b a t i o n  temperature ,  T ,  i s  assumed t o  b e  zero a t  time zero 
then  from equat ions (8) and (10) 

-
T ( x , @ , t )  = -e -Bt I,' AB s i n ( +  - Y)e(x,y)eBt d 7  (11) 

Note t h a t  T ( x , @ , t )  desc r ibes  t h e  p e r t u r b a t i o n  temperature  over  t h e  s u r f a c e  of  
t h e  boom. 

The thermal deformations w i l l ,  i n  g e n e r a l ,  b e  q u i t e  small compared wi th  
t h e  e l a s t i c  deformations.  Therefore,  t h e  geometr ic  d i s t o r t i o n  can be assumed 
t o  be p r o p o r t i o n a l  t o  t h e  e l a s t i c  deformation shape (eq.  ( 6 ) ) .  

The p r o p o r t i o n a l i t y  cons t an t  w a s  chosen s o  t h a t  8 ( 2  , t )  = O(t). 

The thermal deformation due t o  t h e  p e r t u r b a t i o n  temperature T i s3  

3This r e l a t i o n  can be ob ta ined  from r e f e r e n c e  5 i f  t h e  s t r e s s  s t r a i n  
r e l a t i o n  u = E E  i s  r ep laced  by cr = E ( &  - UT), which inc ludes  t h e  e f f e c t  
o f  thermal " s t r a i n s . "  Af t e r  eva lua t ion  o f  t h e  s h e a r  stress, t h e  to rque  i s  
obtained by i n t e g r a t i o n  over  t h e  c r o s s - s e c t i o n a l  area of t h e  boom, and 
equat ion (13) is  ob ta ined .  
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S u b s t i t u t i o n  o f  t h e  temperature d i s t r i b u t i o n  T from equat ion (11) , 
with t h e  approximation f o r  e (eq. (12)) i n t o  equa t ion  (13 ) ,  l eads  t o  

After i n t e g r a t i o n  of equat ion (14) t h r e e  times with r e s p e c t  t o  x and 
a p p l i c a t i o n  o f  t h e  boundary cond i t ions  a t  t h e  upper end o f  t h e  boom 

and a t  t h e  lower end o f  t h e  boom 

eT(2)  = OT 

t h e  r e s u l t  i s  

where 

IT
+ 	 Tr cos Y )  - <  Y 5 Tr
2 -

K l ( Y )  is  p l o t t e d  i n  f i g u r e  6 .  

System Damping and S t a b i l i t y  

The equat ions o f  motion of  t h e  t o r s i o n a l  pendulum p e r t u r b e d  about an 
equ i l ib r ium p o s i t i o n  are given by equat ions ( l ) ,  ( 2 ) ,  and (15 ) ,  o r  

where equat ion (15) has been d i f f e r e n t i a t e d  with r e s p e c t  t o  t ime, and 
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The c h a r a c t e r i s t i c  equat ion f o r  t h e  system o f  equa t ions  (17) i s  

( s  + 6) ( s 2  + 2<wOs + wg)  - K3(2<w0s + w;) = 0 

Therefore ,  t h e  pendulum displacement e i s  

where sn (n = 1, 2 ,  3) denotes t h e  r o o t s  o f  t h e  c h a r a c t e r i s t i c  equat ion (21) 
and An denotes cons t an t s  determined by t h e  i n i t i a l  c o n d i t i o n s .  

The r o o t s  o f  equat ion (21) are e i t h e r  (a)  t h r e e  rea l  r o o t s  o r  (b) one 
r e a l  r o o t  and a complex p a i r  o f  r o o t s .  The system s t a b i l i t y  depends only on 
t h e  s i g n  of t h e  real  p a r t  o f  t h e  r o o t s  ( a  p o s i t i v e  real  p a r t  i n d i c a t i n g  
i n s t a b i l i t y ) .  I n  gene ra l ,  f o r  t h e  t o r s i o n a l  pendulum t h e  r o o t s  w i l l  b e  of 
type ( b ) .  The type  o f  i n s t a b i l i t y  observed i n  t h e  t e s t s  ( t o  be d i scussed  
l a t e r )  has a nega t ive  r e a l  r o o t ,  and t h e  real  p a r t  o f  t h e  complex p a i r  of  
roo t s  i s  p o s i t i v e ,  t hus  t h e  motion i s  o s c i l l a t o r y  d ive rgen t  o r  " f l u t t e r . "  
A p o s i t i v e  r e a l  r o o t  (nega t ive  real  p a r t  o f  complex p a i r )  corresponds t o  t h e  
divergent  n o n o s c i l l a t o r y  o r  thermal buck l ing  mode o f  i n s t a b i l i t y .  

From Routh's s t a b i l i t y  c r i t e r i o n  ( r e f .  8) i t  can b e  shown t h a t  t h e  r e a l  
p a r t  of a l l  r o o t s  of equat ion (21) i s  nega t ive  ( s t a b l e  system),  provided 

2<w0 + f3 > 0 7 
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No s t r u c t u r a l  damping.- Consider f irst  t h e  case o f  zero s t r u c t u r a l  
damping (CE = 0 ) .  The c h a r a c t e r i s t i c  equat ion (21) reduces t o  

( S  + B)(s2 + w;) - K3w02 = 0 (23)  

and t h e  s t a b i l i t y  c r i t e r i a ,  equat ion ( 2 2 ) ,  reduce t o  

B > O  

K 3  > 0 

6 > K 3  

o r  s i n c e  B i s  a p o s i t i v e  number, simply 

2t -K3(negative) 

K3 (positive) 
c 


0 +.5 +I 

5 = O  
p =0.7 
wo=2.78 

-2  

-3 


.I-
I~1
-1.0 -5 0 .5 I.o 

Real part of root 

Figure 5.- Root locus f o r  torsional pendulum 
characteristic equation (no structural 
damping). 

'r 

1 . 1  1 I I I I I I I I 
0 . 5 T  T Y 

Figure 6.- Function K l ( ' Y )  evaluated from 
equation (16). 

The locus of t h e  r o o t s  of equat ion (23)  
f o r  p o s i t i v e  and nega t ive  values  o f  K 3  
is shown i n  f i g u r e  5 .  The fol lowing 
conclusions can b e  drawn from f i g u r e  5 
and t h e  s t a b i l i t y  c r i t e r i a :  

(a)  For K 3  n e g a t i v e ,  t h e  pendulum 
w i l l  b e  u n s t a b l e  and have an o s c i l l a t o r y  
d ive rgen t  motion ( i . e .  , f l u t t e r ) .  

(b) For K 3  p o s i t i v e ,  t h e  pendulum 
w i l l  b e  s t a b l e  provided K 3  < B .  I f  
K 3  > B t h e  motion of t h e  pendulum w i l l  
b e  d ive rgen t  ( n o n o s c i l l a t o r y )  o r  t h e  
pendulum w i l l  experience thermal 
buck l ing .  

S ince  B i s  p o s i t i v e  (source 
h o t t e r  t han  pendulum), t h e  s i g n  o f  K 3  
(eq.  (18))  has  t h e  same s i g n  as  K 1 .  
The va lue  of K 1  i s  shown i n  f i g u r e  6 .  
For t h e  pendulum with no s t r u c t u r a l  
damping, w e  may conclude, t h e r e f o r e ,  t h a t  
t h e  p o s i t i o n  o f  t h e  sou rce  determines 
t h e  s t a b i l i t y  of t h e  pendulum i n  t h e  
f l u t t e r  mode. For angles  Y less than  
108", t h e  pendulum w i l i  not f l u t t e r ,  and 
f o r  angles g r e a t e r  than 108" t h e  pendulum 
w i l l  f l u t t e r .  I f  t h e  vaiue o f  K3 i s  
p o s i t i v e  and g r e a t e r  than B ,  t h e  
pendulum w i l l  experience thermal buck l ing  

S t r u c t u r a l  damping.- For  small 
values  o f - s t ruc tu ra l  damping t h e  conclu
s i o n s  o f  t h e  previous s e c t i o n  a r e  l i t t l e  
changed. The locus o f  t h e  r o o t s  o f  t h e  
c h a r a c t e r i s t i c  equat ion i s  shown i n  
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f i g u r e  7. S i n c e  6, 5, and wo a r e  
p o s i t i v e ,  t h e  s t a b i l i t y  c r i t e r i a  
(eq.  ( 2 2 ) )  reduce t o  

-K j  (negative) 

K3 (positive) 2cw02 + 4c2w06 4. 2625 
< K 3 < B  

c 4c2Wo 256 - Wo 
u


+L 
x 0- The primary d i f f e r e n c e  caused by t h e  


2. s t r u c t u r a l  damping i s  t h a t  l a r g e r  abso
.-c 5 -0.0167 l u t e  va lues  o f  K3 are r e q u i r e d  t o  
B - I -- p =0.7 produce f l u t t e r  i n  t h e  pendulum.E---3
q=2.78 

- 2 - Note t h a t  f o r  two thermal sou rces  , 
+I + 5  one o f  each l o c a t e d  a t  Y = 0 and Y = TT, 

-3 
,--c-Pt--.5 t h e  t o t a l  K ,  v a lue  i s  nega t ive-

[ 2  - 2(n - 1) w -2.281. Thus t h i s  h e a t -
I I 1 I 1 1 i n g  c o n f i g u r a t i o n  l eads  t o  an u n s t a b l e  

-1.0 -.5 0 
root 

.5 '.O system f o r  low values  of s t r u c t u r a lReal port of 

Figure 7.- Root locus of torsional pendulum d a m ~ i n g . ~This  conclusion has been 
characteristic equation (with structural demonstrated experimental ly .  
damping). 

EXPERIMENTS 

Arrangement 

The experiments t o  o b t a i n  q u a n t i t a t i v e  d a t a  were conducted on a pendulum 
wi th  t h e  fol lowing p r o p e r t i e s  : 

r = 0.125 i n .  1, = 0.00258 lb  i n .  s e c 2  

l b2 = 13.5 i n .  E = 1 7 ~ 1 0 ~  i n . - 2  

h = 0.00144 i n .  c1 = 1 7 . 8 ~ 1 0 - ~O C - l  

The t o r s i o n a l  s p r i n g  boom was be ry l l i um copper.  The e x t e r i o r  s u r f a c e  of 
t h e  tube  was p a i n t e d  f l a t  b l ack  t o  i n c r e a s e  t h e  thermal a b s o r p t i v i t y  c o e f f i c i 
e n t .  The h e a t  sou rce  was a t u b u l a r ,  q u a r t z ,  t ungs t en - f i l amen t ,  i n f r a r e d  lamp. 
A p a r a b o l i c  ceramic r e f l e c t o r  was used t o  d i r e c t  most o f  t h e  lamp's thermal 
ou tpu t  i n  p a r a l l e l  rays  over  t h e  s u r f a c e  o f  t h e  t u b e .  The d i s t a n c e  between 
t h e  lamp f i l amen t  and tube  c e n t e r  l i n e  was f o u r  inches .  

._ 

4This obse rva t ion  may have p a r t i c u l a r  s i g n i f i c a n c e  i n  t h e  a p p l i c a t i o n  
o f  t h e  booms designed wi th  p e r f o r a t i o n s .  The p e r f o r a t i o n s  a r e  chosen s o  t h a t  
t h e  s u r f a c e s  away from and toward t h e  sun have t h e  same r a d i a t i o n  i n p u t  and 
thus  p r o h i b i t  bending o f  t h e  booms. Uniform r a d i a t i o n  on both s i d e s  of t h e  
boom, however, does no t  n e c e s s a r i l y  ensure t h a t  t h e  thermal "damping" w i l l  b e  
zero.  
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Figure 8.- Lamp arrangement for b e l l  jar 
experiments. 

(a) (Divergent o s c i l l a t i o n s ,  

The tests were conducted i n  a b e l l  
j a r  w i th  a b s o l u t e  p r e s s u r e  l e s s  t han  
0.5 mm Hg. The vacuum was used t o  
remove t h e  e f f e c t s  o f  l abora to ry  and con
v e c t i v e  c u r r e n t s  from t h e  measurements. 
To exped i t e  t h e  d a t a  a c q u i s i t i o n ,  lamps 
were p laced  a t  several  l o c a t i o n s  around 
t h e  tube  ( f i g .  8 ) .  

T e s t  Procedure 

Lamps 1, 2 ,  and 5 could b e  ope ra t ed  
independent ly  b u t  3 and 4 were ope ra t ed  
i n  unison.  A f t e r  t h e  b e l l  j a r  was evacu
a t e d  t o  an a b s o l u t e  p r e s s u r e  of less than  
0.5 mm Hg, t h e  damping measurements were 
conducted as i n d i c a t e d  below: 

u n s t a b l e  motion, Y = 180") Lamp number 2 
was tu rned  on and temperature  d i s t r i b u t i o n  allowed t o  reach s t eady  s t a t e  ( 1  o r  
2 min). Although t h e  system i s ,  i n  g e n e r a l ,  u n s t a b l e  wi th  only lamp number 2 
on, t h i s  procedure could b e  accomplished by very p r e c i s e  alinement of t h e  tube  
s o  t h a t  t h e  i n p u t  d i s tu rbance  from 'lamp turn-on w a s  minimized. Next, lamp 
number 5 was b r i e f l y  tu rned  on (approximately 1 s e c )  t o  provide a system d i s 
turbance.  The response o f  t h e  system (growth i n  amplitude) was recorded on 
high-speed motion p i c t u r e  f i l m  (100 frames/sec) f o r  l a t e r  a n a l y s i s .  

(b) (Convergent o s c i l l a t i o n s ,  s t a b l e  motion, Y = 0") A f t e r  l a r g e  
amplitude motion ( m k 9 0 " )  was obtained as i n  s t e p  ( a ) ,  lamp number 2 was 
tu rned  o f f  and lamp number 1 tu rned  on. The subsequent decay of pendulum 
amplitude w a s  recorded on f i l m .  

(c)  ( S t r u c t u r a l  damping c o e f f i c i e n t ,  no lamp) The amplitude was 
inc reased  t o  t h e  d e s i r e d  l e v e l ,  as i n  s t e p  ( a ) .  Then a l l  lamps were tu rned  
o f f ,  and t h e  decay due t o  s t r u c t u r a l  damping was recorded.  

(d) (Convergent o s c i l l a t i o n s ,  s t a b l e  motion, two lamps, Y = t90")  The 
measurement of damping f o r  lamp p o s i t i o n s  o t h e r  t han  Y = 0" and Y = 180" 
r e q u i r e s  t h a t  t h e  lamps b e  used i n  p a i r s  t o  maintain t h e  equ i l ib r ium symmetry 
o f  t h e  tube .  Thus lamps 3 and 4 were ope ra t ed  i n  unison,  and s t e p  (c) was 
r epea ted  t o  o b t a i n  d a t a  f o r  Y = 90".  

Resu l t s  o f  Experiments 

The films were r ead  t o  determine t h e  p o s i t i v e  and nega t ive  amplitudes a t  
success ive  peaks.  Typical  amplitude decay curves are shown on semilog p l o t s  
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Figure 9.- Absolute value of amplitude peaks vs. 

number of half cycles of oscillation of 

torsional pendulum for various lamp positions. 
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Figure 10.- Logarithmic decrement vs. amplitude 

of oscillation of torsional pendulum for 

various lamp positions. 


i n  f i g u r e  9 .  A p u r e l y  exponent ia l  decay would, o f  course,  l i e  along a 
s t r a i g h t  l i n e .  The lack of a good s t r a i g h t  l i n e  f i t  f o r  t h e  "lamps o f f "  case  
i n d i c a t e s  t h a t  t h e  s t r u c t u r a l  damping i s  s l i g h t l y  n o n l i n e a r .  The loga r i thmic  
decrement was p l o t t e d  as a f u n c t i o n  of amplitude t o  o b t a i n  t h e  change i n  
damping due t o  "lamps on." That i s ,  t h e  loga r i thmic  decrement was computed 
f o r  each cyc le  on t h e  b a s i s  o f  t h e  decay f o r  t h a t  c y c l e .  The r e s u l t s  of t h e s e  
computations a r e  shown i n  f i g u r e  1 0 .  Note t h a t  ove r  a wide range o f  ampli
tudes t h e  d i f f e r e n c e  between t h e  loga r i thmic  decrement wi th  "lamps on" and 
damping with "lamps o f f "  appears more o r  l e s s  c o n s t a n t .  This i n d i c a t e s  t h a t  
t h e  n o n l i n e a r i t y  i n  t h e  system decay (nonexponential)  could be due t o  non
l i n e a r  system s t r u c t u r a l  damping a lone .  Resolut ion ( t o  approximately 1" 
amplitude) o f  t h e  d a t a  f i l m  p r o h i b i t e d  o b t a i n i n g  r e l i a b l e  decay d a t a  f o r  t h e  
amplitude range - 1 2 "  < e < +12" .  

Determination o f  B and B 

Comparison of t h e o r e t i c a l  and experimental  r e s u l t s  r e q u i r e s  a knowledge 
o f  t h e  parameters B and 6. These were ob ta ined  by p l a c i n g  a thermocouple on 
t h e  i n s i d e  s u r f a c e  o f  a specimen o f  boom similar t o  t h e  pendulum m a t e r i a l  
( f i g .  11) .  A lamp was p laced  4 i n .  from t h e  boom c e n t e r  l i n e  and t h e  lamp 
was tu rned  on. After t h e  thermocouple output  i n d i c a t e d  t h a t  an equ i l ib r ium 
temperature had been reached i n  t h e  specimen, t h e  r e c o r d e r  was tu rned  on and 
a sc reen  was q u i c k l y  p l aced  between t h e  lamp and t h e  specimen. From t h e  
r e s u l t a n t  thermocouple output  r eco rd ,  t h e  va lue  o f  B and f.? were obtained by 

1 4  



-..._.. ..... . 

Screen 

Screen 
Thermocouple 

Boom 
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Figure 11.- Test arrangement for determination Figure 12.- Test arrangement for determination 
of B and B - lamp at P = 0. of B and B - two lamps at P = ?goo.  

a b e s t  f i t  t o  t h e  s o l u t i o n  o f  equat ion (13) f o r  a s t e p  f u n c t i o n  R ( x , $ , t ) .  
The same t e s t  was r epea ted  with two lamps ( f i g .  12) t o  o b t a i n  d a t a  f o r  t h e  
YJ = 90" c a s e .  

Comparison o f  Theory and Experiment 

The va lues  o f  B,  6, and c (as determined from t h e  f r e e  o s c i l l a t i o n  
decay) can be s u b s t i t u t e d  i n t o  t h e  a n a l y t i c a l  model, and from t h e  r o o t s  of 

0 Experiment 
t h e  c h a r a c t e r i s t i c  equa t ion ,  t h e  loga-

Theory r i t h m i c  decrement of t h e  response can be 
-- Lamps o f f  (using experimentally determined determined. The comparison o f  t h e  theo

structural damping) r e t i c a l  and experimental  v a l u e s  of loga
r i t h m i c  decrement i s  shown i n  f i g u r e  13. 

The t h e o r e t i c a l  curve o f  f i g u r e  13 
i s  based on t h e  s t r u c t u r a l  damping 
( loga r i thmic  decrement) v a l u e s  obtained 
from t h e  experiments a t  ampli tudes,  0, of 
about 30' ( f i g .  1 0 ) .  Correspondingly,  
t h e  experimental  d a t a  p o i n t s  are  takenA I 0 from f i g u r e  10 f o r  t h e  same amplitude.  

-.2k Since t h e  d a t a  p o i n t s  of f i g u r e  10  a r e  

I 1  I 1 I I l l I 1 I I -
r e  l a t  i v e  1y p a r  a11e1 f o r  d if f e r e n t  1amp 

0 .5 7r L O T  Y p o s i t i o n s ,  t h e  choice o f  some o t h e r  
amplitude f o r  t h e  comparison i n  f i g u r e  13 

Fieure 13.- Comuarison of theoretical and would r e s u l t  i n  a s h i f t  of t h e  o r d i n a t e" 
experimental values of logarithmic decrement. of both theo ry  and experiment.  However ,
Calculations based on 30" amplitude t h e i r  r e l a t i v e  l o c a t i o n  would remainoscillation (fig. 10). 

unchanged. 

'Although t h e  theory i s  v a l i d  only f o r  small angular  displacements  of 
t h e  boom ( e ) ,  it should be noted t h a t  0 r e p r e s e n t s  t h e  maximum angu la r  
displacement,  t h e r e f o r e ,  good agreement should be expected f o r  r e l a t i v e l y  
l a r g e  values  of 0 .  
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CONCLUSIONS 


1. Thermoelast ic  i n s t a b i l i t y  (thermal f l u t t e r )  can occur  and can b e  
demonstrated i n  l abora to ry  experiments.  

2 .  Thermoelast ic  coupl ing can l ead  t o  a more s t a b l e  system (add p o s i t i v e  
damping). 

3. One-degree-of-freedom thermal f l u t t e r  i s  p o s s i b l e  and can be 
demonstrated r e a d i l y  with a t o r s i o n a l  pendulum. 

4 .  A small amplitude l i n e a r  a n a l y s i s  has  been p resen ted  t h a t  p r e d i c t s  
t h e  experimental ly  measured t h e r m o e l a s t i c  coupl ing f o r  t h e  t o r s i o n a l  pendulum. 

Ames Research Center  
Nat ional  Aeronautics and Space Adminis t ra t ion 

Moffet t  F i e l d ,  C a l i f . ,  94035, March 27 ,  1969 
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